Schwinger's algebra of selective measurements has a natural interpretation in the formalism of groupoids. Its kinematical foundations, as well as the structure of the algebra of observables of the theory, was presented in [8, 9] . In this paper, a closer look to the statistical interpretation of the theory is taken and it is found that an interpretation in terms of Sorkin's quantum measure emerges naturally. It is proven that a suitable class of states of the algebra of virtual transitions of the theory allows to define quantum measures by means of the corresponding decoherence functionals. Quantum measures satisfying a reproducing property are described and a class of states, called factorizable states, possessing the Dirac-Feynman 'exponential of the action' form are characterized. Finally, Schwinger's transformation functions are interpreted similarly as transition amplitudes defined by suitable states. The simple examples of the qubit and the double slit experiment are described in detail, illustrating the main aspects of the theory.
with events b and transitions β requires a theory of transformations. Such theory is developed by Schwinger [5, Chap. 2.5] and reproduces the standard theory of unitary operators developed by Dirac. However, previous to that, and at a more basic level, Schwinger introduces the notion of transformation function a | b , a notion that will be discussed in the present paper: "...measurement symbols of one type can be expressed as linear combinations of the measurement symbols of another type. From its role in effecting such connections the totality of numbers a | b is called the transformation function relating the a− and the b−descriptions". In Schwinger's formulation, the transformation functions arise as a concrete representation of an abstract operation that was coined 'transformation' and that affects specific transitions as explained in [8] . The theory of 'transformations' thus developed fits naturally in the algebraic setting of the theory of groupoids and determines a 2-groupoid structure on top of Schwinger's groupoid of outcomes and transitions.
The previous ideas fix the kinematical framework of the theory as discussed in [8] , where no attempt to introduce a dynamical content was made. In this sense we were following R. Sorkin's dictum of "proposing a framework in which the ontology or 'kinematics' and the dynamics or 'laws of motion' are as sharply separated from each other as they are in classical physics" [7] .
The dynamical aspects of the theory were discussed though in [9] . The departing point of the analysis was the key idea of considering an observable as the assignment of an amplitude to any transition, that is, an observable is a function on the groupoid of transitions, an idea which just reflects the abstraction of the determination of an observable by means of the amplitudes a|A|a . The notion of observables thus introduced leads in a natural way to the construction of the C * -algebra of observables of the system and a Heisenberg-like formulation of dynamics as infinitesimal generators of their automorphisms.
Physical states of the system correspond in this way to states of the C * -algebra of observables, that is, normalised positive linear functionals on the algebra, opening the road to the interpretation of the theory in terms of Hilbert spaces and operators by applying the GNS construction associated to any state of the theory, an idea that will be used repeatedly in the present paper (another use of the theory is shown in [18] where coherent states are nicely described in this setting).
We must stress here that this approach departs from Schwinger's derivation of the laws of dynamics from a quantum dynamical principle, that nevertheless will be undertaken in a future publication [10] . We consider that the approach taken in [9] is more natural and we agree with R. Sorkin: "...quantum theory differs from classical mechanics in its dynamics, which ... is stochastic rather than deterministic. As such the theory functions by furnishing probabilities for sets of histories" [7] . In this sense, the dynamical theory that we propose is closer in spirit to R. Sorkin's understanding of quantum mechanics as a quantum measure theory, point of view that will be one of the main subjects of the present paper.
Therefore, the present paper will provide a statistical interpretation of the theory by constructing a quantum measure in Sorkin's sense [7] on its groupoid of transitions. Such quantum measure will be determined by an invariant state of the algebra of transitions of the theory. The key idea comes from the realization that a state ρ determines a function ϕ of positive semi-definite type on the given groupoid, and this function actually defines a decoherence functional in a natural way. The relation between decoherence functionals and quantum measures allows to provide the desired statistical interpretation of the theory by identifying the amplitudes of transitions with the values ϕ(α) of the positive semi-definite function defining the decoherence functional, and its module square with the 'probability' of an event. In developing the theory, the GNS construction will be used to interpret the obtained notions in the more familiar terms of vector-valued measures on Hilbert spaces, and an extension of Naimark's reconstruction theorem for groupoids will be proved.
The second part of the paper will be devoted to identify two classes of states that have a specific physical meaning. The first one are those states such that the associated physical amplitudes satisfy Feynman's reproducing property (1) . We will characterise those states in a purely algebraic way as those whose characteristic functions ϕ are idempotent with respect to the convolution product in the algebra of observables of the theory.
The second class provides an answer to the singularity of Dirac-Feynman postulate stating that amplitudes have the form e i S for a quantum theory on space-time. It will be shown that there is again a purely algebraic notion in the groupoids setting that characterises completely these states and that is called 'factorization'. The proof of the corresponding theorem is worked out in detail in the finite-dimensional case, and it constitutes one of the main results reported here.
Finally, the third part of the paper is devoted to put Schwinger's theory of transformations functions on the same footing as the previous notions. This is achieved by observing that there are natural states, those associated to outcomes a of the theory, whose corresponding amplitudes on transitions associated to other outcomes b provide precisely Schwinger's transitions functions b|a , and they are given precisely as inner products of vectors on suitable Hilbert spaces (again obtained by a natural use of the GNS construction).
The rest of this introduction will be devoted to succinctly summarise the basic notions and notations on groupoids and their algebras used throughout the paper (see the preceding papers [8] , [9] for a detailed account of these ideas).
The groupoids description of Schwinger's algebra of measurements: basic notations and definitions
Even if groupoids can be described in a very abstract setting using category theory, in this paper, we will just use simple set-theoretical concepts and notations to work with them. For the most part, we will assume that groupoids are discrete (countable) or even finite 4 .
Thus, a groupoid G will be a set whose elements, denoted by greek letters α, β, γ, ..., will be called transitions. There are two maps s, t : G → Ω, called respectively source and target, from the groupoid G into a set Ω whose elements will be denoted by lowercase latin letters a, b, c, . . . , x, y, z and called outcomes or events. We will often use the diagrammatic representation α : a → a for the transition α if s(α) = a and t(α) = a . Notice that the previous notation doesn't imply that α is a map from a set a into another set a , even if occasionally we will use the notation α(a) to denote a = t(α). We will also say that the transitions α relates the event a to the event a .
Denoting by G(y, x) the set of transitions relating the event x with the event y, i.e.,
Two transitions α, β such that t(α) = s(β) will be said to be composable. The set of composable transitions form a subset of the Cartesian product G × G sometimes denoted by G 2 .
It is postulated that the composition law • is associative whenever the composition of three transitions makes sense, that is:
x → y and γ : y → z. Any event a ∈ Ω has associated a transition denoted by 1 a satisfying the properties α • 1 a = α, 1 a • α = α for any α : a → a . Notice that the assignment a → 1 a defines a natural inclusion i : Ω → G of the space of events in the groupoid G. Finally it will be assumed that any transition α : a → a has an inverse, that is there exists α −1 : a → a such that α • α −1 = 1 a , and α −1 • α = 1 a . Given an event x ∈ Ω, we will denote by G + (x) the set of transitions starting at a, that is, G + (x) = {α : x → y} = s −1 (x). In the same way, we define G − (y) as the set of transitions ending at y, that is, G − (y) = {α : x → y} = t −1 (y). The intersection of G + (x) and G − (x) consists of the set of transitions starting and ending at x, and is called the isotropy group
Given an event a ∈ Ω, the orbit O a of a is the subset of all events related to a, that is, a ∈ O a if there exists α : a → a . The isotropy groups G x and G y of two events in the same orbit, x, y ∈ O a , are isomorphic. Clearly, the isotropy group G a acts on the right on the space of transitions starting from a, that is, there is a natural map µ a : G + (a) × G a → G + (a), given by µ a (α, γ a ) = α • γ a (notice that the transition γ a : a → a doesn't change the source of α : a → a ). Then, it is easy to check that there is a natural bijection between the space of orbits of G a in G + (a) and the elements in the orbit O a given by α • G a → α(a) = a . Then, we may write:
It is obvious that there is also a natural left action of G a into G − (a) and that G a \G − (a) ∼ = O a too. We will say that the groupoid is connected or transitive if it has is a single orbit, Ω = O a , for some a. Then, it can be proved that Ω = O x for any x ∈ Ω. Any groupoid decomposes as the disjoint union of connected groupoids, any of them being the restriction of the given groupoid to any one of its orbits. In what follows, we will always assume that groupoids are connected.
If the groupoid G is finite, the groupoid algebra, or algebra of virtual transitions, of the groupoid G is defined in the standard way as the associative algebra C[G] generated by the elements of G with relations provided by the composition law of the groupoid. That is, elements a in C[G] are finite formal linear combinations a = α∈G a α α, with a α complex numbers. The groupoid algebra elements a can be thought of as generalized or mixed transitions for the system and will be called also virtual transitions. The associative composition law on C[G] is defined as:
where the indicator function δ α,α takes the value 1 if α and α are composable, and zero otherwise. The groupoid algebra has a natural antilinear involution operator denoted * and defined as a * = αāα α −1 , for any a = α a α α. If the groupoid G is finite, there is a natural unit element 1 = a∈Ω 1 a in the algebra C[G] (see [16, 23] for an elementary introduction to the theory of groupoids and their representations).
Another family of relevant mixed transitions is given by the transition 1 Ga = γa∈Ga γ a which are the characteristic 'functions' of the isotropy groups G a , and by the transition 1 G ± (a) = α∈G ± (a) α which represent the characteristic 'functions' of the sprays G ± (a) at a. Finally, we should mention the 'incidence' or total transition, also called the 'incidence matrix' of the groupoid, defined as I = α α.
Quantum measures and Schwinger's algebra

Quantum measures and decoherence functionals
Sorkin's introduction of the notion of a quantum measure allows for a statistical interpretation of Quantum Mechanics without recurring to some of the difficulties related to the existence of observers to assess the predictive capacity of the theory or the collapse of the state of the system [7] .
According to Sorkin's theory, Quantum Mechanics can be understood as a generalized measure theory on the space S of all possible histories of some physical system. It assigns a non-negative real number µ(A), the quantum measure of A, to every measurable subset A of the set of histories of the system. The quantum measure µ is not an ordinary probability measure because in general the interference term:
for two disjoint 6 sets A, B, doesn't vanish. Thus, under this perspective, the feature that distinguishes a quantum theory from a classical one is interference. This means that the quantum measure µ will enjoy different formal properties than a standard probability measure.
We start by defining a family of set-functions, describing interference terms, for any generalized measure theory over a sample space S equipped with a σ-algebra Σ of measurable sets:
and so on, where A, B, C are disjoint sets of S. Higher order interference relations beyond bipartite and tripartite interference terms, as given by Eqs. (2), (3), can be defined as:
for any family of disjoint sets A i . It can be shown that the interference relation I n of order n implies I r for all r ≥ n. Actually it is easy to prove by induction that:
hence, if I n = 0 on any family of disjoint measurable sets A i , then I n+1 will vanish too. The interference functions I n allow us to distinguish between different types of theories according to their statistical properties. According to Sorkin, a theory is of grade-k if it satisfies I k+1 = 0. Thus a classical measure theory is a grade-1 measure theory, which is equivalent to saying that there is no bipartite interference, that is, µ(A B) = µ(A) + µ(B), and Kolmogorov's standard probability interpretation of the measure µ(A) can be used.
A quantum measure theory is a grade-2 measure theory, that is, a quantum measure is a set function µ : Σ → R + such that it satisfies the grade-2 additivity condition 7 I 3 = 0. Thus a quantum measure allows to describe a theory with non-trivial second order (but no higher order) vanishing interference terms, i.e., I k = 0 for k ≥ 3.
However, the statistical interpretation of such condition still needs to be assessed because, as it is easily exemplified by the double slit experiment 8 , the classical probabilistic interpretation of the measure of a set as a frequency of outcomes of a random variable cannot be held anymore. The quantum measure of an event in Sorkin's sense is not simply the sum of the probabilities of the histories that compose it, but is given (in an extension of Born's rule) by the sum of the squares of certain sums of the complex amplitudes of the histories which comprise the event 9 . More important to our interest in this paper is to understand the construction of quantum measures in the abstract background provided by the groupoid interpretation of the fundamental algebraic properties of quantum systems. For this purpose, we will discuss first the relation of quantum measures and decoherence functionals in the realm of groupoids. In doing so, we will extend some recent results on the representation of decoherence functionals that will be helpful in providing a new statistical interpretation of Schwinger's transformation functions.
It should be pointed out that the recursive relation in Eq. (4), when applied to the additivity condition I 3 = 0, implies that I 2 is additive for disjoint sets A, B, C. More specifically, we get:
In fact, if I 2 were additive on the first factor for all C (not just for sets C disjoint with A and B), then spanning the quantity I 2 (A B, A B) we will get µ(A) = 1 2 I 2 (A, A). Then, in this case, the quantum measure µ could be recovered as a quadratic function on the algebra of measurable sets. This suggests to consider biadditive set functions D : Σ × Σ → C as a natural way of constructing quantum measures. Actually, this idea is deeply rooted in the histories approach to quantum mechanics under the name of decoherence functionals [19] and, what is more important for the arguments to follow, a significant class of normalised quantum measures can be built by using decoherence functionals D.
Thus, a general decoherence functional on a measurable space (S, Σ) is a set function D : Σ × Σ → C such that it is Hermitean:
non-negative:
8 It has been shown recently though that the tripartite interference condition I 3 = 0 holds in quantum mechanics by using a 3-slit experiment [12, 13] .
9 Without entering such discussion here, Sorkin has proposed an interpretation of the number µ(A), assigned to an event A by the quantum measure µ, in terms of the notion of 'preclusion' instead of the of notion of 'expectation' [14] . Preclusion is related to the impossibility of null sets and, in this context, it is necessary to add a regularity condition to the notion of quantum measure, that is, µ(A) = 0 implies that µ(A ∪ B) = µ(B), and µ(A) = 0 implies that µ(B) = 0 for all B ∈ Σ, B ⊂ A -in such case the quantum measure is called completely regular.
and addtive:
It will be assumed that the decoherence functional 10 D is normalised, that is, D(S, S) = 1, and, consequently, this notion is sufficient to construct a quantum measure by means of:
However, in order to obtain a continuous completely regular quantum measure (just a quantum measure for short in what follows) it is necessary to introduce a slightly more restrictive definition of decoherence functional [21] . A strongly positive normalised decoherence functional D is a complex-valued set function defined on the Cartesian product Σ × Σ satisfying the following properties:
ii.-σ-Additivity: D(·, A) is a complex measure for any A ∈ Σ.
iii.-Positivity: Given any natural number n and any family
Condition (i) is an irrelevant normalisation condition. Notice that condition (iii) implies conditions (5) and (6) above, while condition (ii) implies the finite-additivity condition (7) . Then, it is a routine check to show that the set function µ defined by Eq. (8) is a completely regular quantum measure (see for instance [11] ).
Quantum measures on groupoids
As it turns out, the groupoid formalism to describe quantum systems provides a natural framework to construct decoherence functionals, hence, to build quantum measures, and thus it provides a statistical interpretation of the theory.
We will consider that the connected discrete 11 groupoid G ⇒ Ω provides a description of our quantum system. 10 The notion of decoherence functional is known under the name of bimeasures in abstract measure theory and has been discussed thoroughly in multiple contexts, see for instance [20] for the description of the moment problem for polymeasures and references therein.
11 As customary in this series of papers we will assume that the groupoid G is discrete countable (or even finite) to avoid the technical complications brought by functional analysis, even though most of the theory can be extended naturally to continuous or Lie groupoids with ease as it will be shown elsewhere.
Decoherence functionals and positive semidefinite functions on groupoids
Because of its σ-additivity, a decoherence functional D on the discrete groupoid G is determined by their values on singletons 12 , that is,
then, we may consider a decoherence functional on discrete groupoids as defined by a bivariate function Φ :
2. Given any natural number n and any family α 1 , . . . , α n of transitions in G, then Φ(α i , α j ) is a positive semi-definite n × n-matrix.
The first property (1) is the immediate consequence of condition (i) in the definition of decoherence functionals, Eq. (9), and the second condition is equivalent to condition (iii) (notice that the sum of positive semi-definite matrices are positive semi-definite). Consistently, we will also say that a bivariate function Φ satisfying condition (2) above is positive semi-definite. Let us introduce another notion which is relevant for the purposes of this paper. A function ϕ : G → C will be said to be positive semi-definite if for any n ∈ N, ξ i ∈ C, α i ∈ G, i = 1, . . . , n, the following inequality is satisfied:
where the sum is taken over all pairs α i , α j such that the composition α
If we want to emphasise that the sum is restricted to those pairs α i and α j such that α
and α j are composable we will also write:
where the delta function δ(t(α i ), t(α j )) implements the composability condition above. Note that ϕ(1 x ) must be a non-negative real number and that, if λ ≥ 0, then λϕ is positive semi-definite for any positive semi-definite function ϕ. We will say that ϕ is normalized if x∈Ω ϕ(1 x ) = 1, and we will always assume this to be the case in the following.
Clearly, any positive semi-definite function ϕ on G defines a bivariate positive semi-definite function Φ by means of:
Among the decoherence functionals D on groupoids, the invariant ones play a distinguished role. A decoherence functional D on the groupoid G is said to be
In terms of the corresponding bivariate positive semidefinite function Φ, a decoherence functional is invariant iff Φ is (left-) invariant with respect to the natural action of the groupoid G on the product groupoid G × G, that is 13 ,:
for all triples α, β, β such that the compositions α•β and α•β make sense. Then, it is clear that there is a one-to-one correspondence between invariant strongly positive decoherence functionals D and positive semidefinite functions ϕ on the groupoid G, namely, the correspondence given by the assignment ϕ → Φ given in Eq. (11) .
Notice that the converse of (11) is given by:
The previous discussion shows that we may study invariant decoherence functionals on discrete groupoids, that is, invariant quantum measures on them, by studying the corresponding positive semi-definite functions ϕ. On the other hand, a natural way to study decoherence functionals (and almost any abstract object in mathematics) is by looking at their representations (see for instance [22] where recent results on this direction are shown). The relevant observation here is that positive semi-definite functions on groupoids provide a natural way to construct representations of groupoids and simultaneously of decoherence functionals. Such theory extends naturally that of positive semi-definite functions on groups with an analogue of Naimark's reconstruction theorem for groups that provides a natural representation for the decoherence functional associated to the function ϕ. We will devote the following paragraphs to develop the theory in the case of discrete groupoids we are working with.
States and positive semidefinite functions on groupoids
Given the groupoid G ⇒ Ω, its associated C * -algebra C * (G) provides the background for the amplitudes and for the algebra of observables of the theory [9] .
There are various ways of constructing a C * -algebra associated to the groupoid G ⇒ Ω. In the finite case, it can be identified with the algebra F(G) of functions on G, or with the algebra C[G] of finite linear combinations of elements in G, recall Sect. 1.2. In the countable discrete 13 A similar definition can be used for right-invariant decoherence functionals.
case, we may consider the von Neuman algebra generated by the family of operators on L 2 (G) defined by the regular representation, but, in our context, and provided that the fundamental representation π 0 of the groupoid is faithful, we will simplify the discussion by considering the closure of C[G] with respect the norm induced from its fundamental representation (see for instance the construction of the C * -algebra of the groupoid A ∞ in [9] ). In other words, consider the Hilbert space
is just the complex separable Hilbert space generated by Ω with the inner product defined by declaring that the elements x of Ω form an orthonormal basis {|x }. The fundamental representation π 0 :
) is given by:
Notice that π 0 (a * ) = π 0 (a) † . Then, we may consider the von Neumann algebra generated by the operators π 0 (a), that is,
. It is also clear that if the fundamental representation is faithful 14 , then G is mapped injectively in B(L 2 (Ω)) and, as is easily checked, the algebra C * (G), that in what follows will be denoted also as A G , is unital with unit the identity operator 1 = I.
Given a unital C * -algebra, a state ρ on it is a normalised positive linear functional. In the previous situation, a state will be a linear map ρ : A G → C such that ρ(1) = 1 and ρ(a * · a) ≥ 0 for all a. States play a particularly relevant role in the study of C * -algebras. The space of states form a convex domain in the dual space of the algebra denoted as S(A G ) (or just S for short) and it is well-known that the structure of the algebra can be recovered from them.
In the discussion to follow, states are going to play an instrumental role because of the GNS construction and of the following observation: there is a one-to-one correspondence between states and continuous positive semi-definite functions ϕ on G. The correspondence is as follows. Let ϕ : G → C be a normalized positive semi-definite function, then, we define the linear map ρ ϕ : A G → C as (we consider for simplicity that Ω is finite 15 ):
In the finite case, 1 = x∈Ω 1 x , and, clearly, ρ ϕ (1) = 1. Moreover, a simple computation shows that:
by the very definition of ϕ. Conversely, given a state ρ on A G , we define the function ϕ on G by restriction of ρ, that is, we set: 14 Which requires that Ω is large enough, for instance the fundamental representation of a group is not faithful as Ω consists of just one element. 15 In the continuous or infinite case, it will be assumed that Ω carries a probability measure ν, the one used to define L 2 (Ω, ν) and |Ω| = 1.
14 and, clearly, ϕ ρ is normalized positive semi-definite because Eq. (14) can be read backwards. In this case, we will say that ϕ ρ is the characteristic function of the state ρ. We conclude this section by realising that states on the algebra of generalised transitions of the system are associated with positive semidefinite functions on the groupoid, hence, they determine invariant decoherence functionals, and, consequently, invariant quantum measures on G. Therefore, in particular, in the case of finite groupoids, there is a one-to-one correspondence between states and invariant quantum measures on the groupoid. Notice that in this case, if A ⊂ G, we get:
The remarkable formula (15) embodies, in the abstract groupoid formalism ,Sorkin's quantum measure expression for systems described on spaces of histories 16 (see for instance [15, eq. 14] ) and explains the quadratic dependence of quantum measures on physical transitions.
Notice that in the context developed in this section, the evaluation of the state ρ on a transition α can be thought as the complex amplitude of the physical transition defined by α, thus, the previous formula encodes the rule that 'probabilities' are obtained by module square of amplitudes in the abstract setting of groupoids. The previous expression for the quantum measure (and the decoherence functional) is given in abstract terms and we would like to describe them in terms of a concrete realization of the theory on a Hilbert space. This will be the subject of the following sections.
Representations of decoherence functionals and quantum measures
Representations of groupoids and algebras
The background needed to construct representations of decoherence functionals on Hilbert spaces in the groupoid formalism of quantum mechanics will be provided by the representations of the groupoid G ⇒ Ω itself. Even if a functorial definition of representations of groupoids could be used (see the recent presentation of the basic theory [23] ), in the setting described in the previous sections, it is simpler to define a representation of the groupoid G as a representation of the C * -algebra A G on the C * -algebra B(H) of bounded operators on a complex separable Hilbert space H, that is, we consider a C * -algebra homomorphism π : A G → B(H) which is continuous in the sense that for any ψ ∈ H, the map a → ||π(a)ψ|| is continuous. Notice that π(1) = I and π(a * ) = π(a) † . In particular, the fundamental representation π 0 discussed before, Eq. (13), is an example of an irreducible representation of the groupoid G.
The theory of representations of groupoids shares many aspects with the theory of representations of groups (at least in the finite case, this relation is well developed, see, for instance, [23] ), but we will not pretend to start such general discussion here. In what follows, we will just depart from a given state to construct explicit representations of the groupoid by means of the so called GNS construction.
Before describing this idea, we would like to point out that if π is a nondegenerate representation 17 of the groupoid algebra A G on the Hilbert space H, and ψ is a cyclic vector for such representation 18 , then, we may define the positive semi-definite function:
associated to the representation π and the cyclic vector ψ. Notice that (16) actually defines a positive semi-definite function on G as it is shown by the following simple computation (as usual, the sums are taken over all composable pairs α
Then, if ψ is normalized, the state defined by ϕ π,ψ determines a quantum measure µ π,ψ given by:
where Z 0 is an appropriate normalization factor determined by the normalization condition (1) in (9) . In other words, we may define (up to a normalization constant) a vector-valued measure ν π : Σ → H given by: 17 That is, a representation such that span{π(a)ψ | a ∈ A G , ψ ∈ H} = H. 18 That is, the family of vectors {π(a)ψ} a∈A G span H.
that represents the decoherence functional D π,ψ associated to the quantum measure µ π,ψ (see [24] , [22] for an account of the general theory). Notice, finally, that the cyclic vector ψ for the representation π defines a state ρ π,ψ (a) = α a α ψ, π(α)ψ whose associated quantum measure is exactly the one defined in Eq. (17) . It should also pointed out that the characteristic function ϕ π,ψ can be expressed as:
whereρ ψ denotes the rank-one orthogonal projector |ψ ψ| on H onto the one-dimensional space spanned by the vector |ψ . Then, if we consider instead the trivial projector defined by the identity operator I, we will get:
where the function χ = ϕ π,I is commonly known as the character of the representation π. It is because of this instance that we would like to call the positive semi-definite function ϕ π,ψ the smeared character of the representation π with respect to the state ψ.
The GNS construction. Representations associated to states
Because a quantum measure µ, or for that matter, a decoherence functional, is associated to a state ρ on the algebra of the system, it is just natural to use ρ to build a specific representation of the algebra itself. The GNS construction is the well-known procedure to build a representation of the algebra given a state on it, and we will succinctly review it in the present context. Consider a state ρ on A G . There is a canonical Hilbert space H ρ associated to it defined as the completion of the quotient linear space A G /J ρ , where J ρ = {a | ρ(a * · a) = 0} denotes the Gelfand ideal of ρ, with respect to the norm || · || ρ associated to the state ρ and defined by:
where
will be called the GNS Hilbert space associated to the state ρ 19 . The parallelogram identity implies that the inner product ·, · ρ on H ρ is given by:
For our purposes it is fundamental to observe that there is a natural representation π ρ of the C * -algebra A G on H ρ defined by:
19 Such Hilbert space has been recognized in a closely related context by Dowker and Sorkin on its histories interpretation of quantum measures under the name of the 'history Hilbert space' [21] .
for all a ∈ A G and [b] ∈ H ρ . Clearly, the unit 1 of the algebra A G is mapped into the identity operator I and π ρ (a * ) = π ρ (a)
Representation of decoherence functionals
We shall consider now the state ρ associated to a given invariant decoherence functional D. In other words, according to the discussion in Sect. 2.2.2, we may consider a continuous positive semi-definite function ϕ on the groupoid G and the state ρ ϕ (and the corresponding decoherence functional) associated to it (recall the fundamental equation relating all these notions, Eq. (15)). Denoting the GNS Hilbert space associated to the state ρ ϕ by H ϕ , we get that H ϕ is the completion of A G /J ϕ , where J ϕ denotes now the Gelfand's ideal:
with respect to the norm:
that defines the inner product in H ϕ :
with a = α a α α, b = β b β β. The GNS representation π ϕ defined by the state ρ ϕ and the fundamental vector |0 allows us to write the amplitude ϕ(a) in the suggestive way:
where we have used (19) and the canonical representation π ϕ (a)|0 = [a].
In the same spirit as Eq. (20), the canonical representation of the algebra of transitions A G provided by the positive semi-definite function ϕ, allows to provide a representation of the decoherence functional in terms of amplitudes in the Hilbert space H ϕ (and it constitutes also the particular instance of Eq. (17)) given by:
Notice that, if t(α) = t(β), then α −1 and β are not composable and α
In this case, we will also say, mimicking the histories based approach to quantum mechanics, that the two transitions are decoherent.
Finally, notice that, on singletons, the quantum measure µ ϕ determined by the state ρ ϕ has the definite expression:
ϕ , and this expression presents µ ϕ as the module square of an amplitude. However, the nonadditivity of the quantum measure implies that, for subsets that are not singletons, the computation of µ ϕ has to be performed according to the superposition rule provided by Eq. (17).
Naimark's reconstruction theorem for groupoids
The discussion in the previous section can be summarised in the form of a theorem: 
In other words, any positive semi-definite function ϕ on a groupoid is the smeared character of a representation of the groupoid.
This statement can be considered as the extension of Naimark's reconstruction theorem for groupoids (admittedly, the particular instance of discrete groupoids with finite space of events). The 'reconstruction' character of the previous theorem is justified from the following considerations.
Let π be a unitary representation of the groupoid G on the Hilbert space H (by that we mean that π defines a C * representation of the C * -algebra of the groupoid G on the C * -algebra of bounded operators on the Hilbert space H). Consider now a state ρ of the C * -algebra B(H). Because of Gleason's theorem such state can be identified with a normalised Hermitean nonnegative operatorρ. Then we define the function:
It is immediate to check that ϕ ρ defines a positive semidefinite function on G. Then Thm. 1 shows that there exists a Hilbert space H , a representation π and a state ρ = |0 0|, such that:
However, we must point out that, in principle, both representations of the function ϕ provided by Eqs. (21) and (22) are not equivalent. In the particular instance of groups, there is a positive answer to the previous question when the representation π is irreducible. In the more general situation of groupoids, these issues will be properly discussed elsewhere.
Factorizing states and decoherence functionals
The general discussion of Sect. 3 has provided a general framework for a statistical interpretation of a groupoids based quantum theory by the hand of quantum measures and their realization by means of states on the algebra of amplitudes of the theory. However, no specific properties of the states have been identified that will reflect relevant physical properties of the system. In this section, we will discuss first the class of states (or quantum measures) the elements of which satisfy Feynman's composition of amplitudes law (1), and we will identify a particular family of states, that will be called factorizing states, strongly suggesting a Lagrangian based sum-over-histories interpretation of the corresponding quantum measure. We will close in this way the loop started by Dirac's insight on the role played by the Lagrangian in quantum mechanics and the answers provided by Feynman and Schwinger to that question as discussed in the introduction.
In the remaining of this section, as stated already before and in order to simplify the presentation, we will restrict ourselves to the case of finite groupoids (even if the formalism extends naturally to countable discrete or even continuous groupoids).
Reproducing states
States are just normalised positive linear functionals on the C * -algebra of the groupoid, hence, they are blind to the specific details of the algebraic structure of the algebra (they just preserve the positive cone of the algebra). It is true though that the C * -algebra structure can be recovered from the space of states, more precisely, because of Kadison's theorem [25] , the real part of a C * -algebra is isometrically isomorphic to the space of all w * -continuous affine functions on its state space, and then, as it was shown by Falceto et al, the C * -algebra can be constructed on the space of affine function on the state space iff such space has the structure of a Lie-Jordan-Banach algebra [26] (see also [27, 28] ).
Thus, in general, the amplitudes ϕ(α) associated to a given state (or quantum measure) do not satisfy any additional property related to the structure of the algebra. In particular, they do not satisfy the reproducing property characteristic of Feynman's sum-over-histories interpretation of quantum mechanics discussed in the previous section. However, it is not hard to characterise a class of states such that the reproducing formula given by Eq. (1) , that can also be called the abstract Chapman-Kolmogorov equation, holds.
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The reproducing condition states will be characterized in terms of the corresponding positive semi-definite function ϕ associated to them. Because ϕ : G → C is a function defined on the groupoid, it is convenient to describe first the structure of the algebra F(G) of functions on the groupoid. In the case of finite groupoids, such algebra can be identified with the algebra of amplitudes (see [9] ). In any case, the associative product in F(G), called the convolution product, is the natural one induced from the groupoid composition law and is defined by the standard formula:
As in the case of the algebra A G , if the space of events Ω is finite, there is a natural unit element, denoted again by 1, and defined as x∈Ω δ x , with δ x the function that takes the value 1 at 1 x and zero otherwise.
In addition to the associative structure, there is also an antiunitary involution operator (·) * given by f * (α) = f (α −1 ). The * -algebra F(G), like the algebra C[G], has a natural representations on the space of square integrable functions on Ω and G itself, denoted with the symbols π 0 , π R and π L , and called, respectively, the fundamental, right and left regular representations. The regular representation allows to define the von Neumann algebra of the groupoid as the weak closure of the range π R (G) in the algebra B(L 2 (G)), provided that a suitable measure has been chosen in the groupoid 20 . We will say that a positive semi-definite function ϕ has the reproducing property if it satisfies
or, in other words, ϕ is an idempotent element in F(G). Finally, given a positive semidefinite function ϕ, and given two events a, b ∈ Ω, will define the transition amplitude ϕ ba as the sum of the amplitudes ϕ(α) for all transitions α : a → b:
In other words, we may think of ϕ ba as the amplitude assigned to obtaining the outcome b after having obtained the outcome a by the quantum measure µ ϕ associated to the positive semi-definite function ϕ, or, equivalently, to the state ρ ϕ determined by ϕ. The previous definition relates the discussion on the statistical interpretation as quantum measures determined by states on the algebra of the groupoid describing a quantum system with Feynman's phenomenological lodestone discussed in the introduction, that is, Eq. (1). Then, it is easy to show that:
Proposition 1. Let ϕ be an idempotent positive semi-definite function on the (finite) groupoid G, that is, it satisfies the reproducing property condition Eq. (23). Then, the transition amplitudes ϕ a a associated to it satisfy Feynman's composition law (that may be called the abstract Chapman-Kolmogorov reproducing equation):
Proof. Clearly, we get:
where we have used the reproducing property (23) for ϕ, and the definition of the convolution product. But now, if γ = α • β, because γ : a → a , then β : a → a and α : a → a for some a ∈ Ω. Then, the last term in the r.h.s. of Eq. (25) can be written as:
We should point out that the transition amplitude ϕ a a can also be expressed as the transition amplitude associated to the representation of the function ϕ in the space H Ω provided by the fundamental representation π 0 , that is (see [9] ):
Therefore, a simple alternative proof of Prop. 1 is obtained by the following computation:
where we have used the fact that π 0 is a representation of the C * -algebra F(G) so that π 0 (ϕ ϕ) = π 0 (ϕ)π 0 (ϕ), and so that the projectors π 0 (1 a ) = |a a | provide a resolution of the identity in H Ω .
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Factorizing states
Generic states are insensitive to the 'local' structure of the algebra of transitions codified by the composition law α • β, that is, the amplitudes ϕ(α • β) are, in general, not directly related to the amplitudes of the factors ϕ(α) and ϕ(β).
However, there is a natural class of states that can be constructed out of the information provided by the factors, that is, states that are characterised in terms of the values of the associated smeared character ϕ on a family of transitions generating the groupoid. Then, we will say that a state, or the corresponding smeared character ϕ, is factorizable if for any pair of composable transitions (α, β) ∈ G 2 :
The reversibility of transitions suggest the unitarity preserving property:
that will be assumed in addition to the strict factorization property (26) . Notice that condition (27) is independent of the factorization condition (26) and it can be lifted when dealing with open systems. Note also that as a consequence of the factorization condition, Eq. (26), ϕ(1 x ) = 1 (because ϕ(1 x • 1 x ) = ϕ(1 x )) and, in addition, |ϕ(α)| = 1 because of the unitarity condition, Eq. (27) .
It is important to remark here that factorizing states do not define (one-dimensional) representations of groupoids. Even if Eq. (26) could give the impression that the function ϕ : G → C defines a 'linear representation' of the groupoid, this is not so. Indeed, a linear representation of as groupoid G ⇒ Ω is a functor R from G to the category of linear spaces Vect, that is, to any outcome x ∈ Ω we associate a linear space V x = R(x) and to any morphism, α : x → y, a linear map R(α) : R x → R y in such a way that the structure defined by the composition law is preserved (i.e., R(α • β) = R(α)R(β) and R(1 x ) = id Vx ). The simplest possibility would be to associate the 1-dimensional linear space C to each event a ∈ Ω (notice the R(1 x ) must be invertible, thus R(x) = {0}). Thus, the total space would have dimension equal to the order of Ω. Hence, unless |Ω| = 1, as it happens in the case of ordinary groups, the smallest possible representation of a groupoid has dimension larger than 1 (such smallest representation is obviously irreducible and is what we have been calling the fundamental representation π 0 of the groupoid, [23] ).
On the other hand, it is easy to see that, in general, a factorizable state ρ does not define a representation of the algebra of the groupoid neither. Notice that the amplitude ϕ(α) of a factorizable state can always be written as:
for a real-valued function s : G → R satisfying the following properties:
and
for any pair of composable transitions α, β. Then, we get immediately that s must satisfy:
We will call a real valued function s on a groupoid satisfying the conditions (29), (30), (31), an action.
Even if the discussion of the statistical interpretation of the formalism has been done without reference to any particular dynamics, the structure of factorizable states is strongly reminiscent of Dirac-Feynman definition of amplitudes in the standard space-time interpretation of quantum mechanics, and this is why we will call such function s an action (actually, adding a continuity condition, we may obtain that factorizability implies the existence of a Lagrangian density, closing again Dirac's intuition of the role played by the Lagrangian in Quantum Mechanics, [3] ).
We may ask now what properties must an action s : G → R possess, beyond those expressed in its definition, for the function ϕ = e is to define a state, that is, to be positive semi-definite, and, in that case, to satisfy the reproducing property. The answer is surprisingly straightforward (and extremely satisfactory): the functions ϕ(α) = e is(α) defined by means of actions are always positive semi-definite, that is, they define states, and those states are always reproducing, that is, they satisfy Feynman condition.
Theorem 2. Let s : G → R be an action on a finite groupoid G. Then, the function ϕ = e
is is positive semi-definite and satisfies the reproductive property ϕ = ϕ ϕ. We will call the state defined in this way the dynamical state of the theory defined by the action s.
Proof. Let n ∈ N, ξ i ∈ C and α i ∈ G, i = 1, . . . , n.
We will prove that e is is positive semidefinite by induction on n, i.e., we will show that:
where only composable pairs α Thus, if n = 1, there is only a complex number ξ and a transition α, and the sum S 1 = |ξ| 2 ≥ 0 is trivially non-negative. We will explore also the cases n = 2, 3 because they will provide the key for the induction argument.
If n = 2, we will be considering complex numbers ξ 1 , ξ 2 and transitions α 1 , α 2 ∈ G. There will be two possibilities, either α 1 and α 2 are composable or they are not. If they are, then we have:
To understand the general situation we may discuss the case n = 3 too. Then we will have three complex numbers ξ 1 , ξ 2 , ξ 3 and three transitions α 1 , α 2 and α 3 . There are three cases: all three transitions are composable, two are composable, say α 1 , α 2 and one is not, and the three are not composable or disjoint. In the first case a simple computation shows that:
while in the second and third, we get respectively:
Let us consider n arbitrary, then the relation i ∼ j if α
is composable with α j (or in other words, if the targets of α i and α j are the same, t(α i ) = t(α j )) is an equivalence relation on the set of indices I n = {1, 2, . . . , n}. The set I n is decomposed into equivalence classes I x = {i x 1 , . . . , i xr } that will correspond to all transitions α i such that t(α i ) = x, and each class will have a number of elements n x ≤ n. Then, if n x = n, there is only one class, all pair of transitions α −1 i , α j are composable and then:
On the other hand, if there is more than one equivalence class, then n x < n for all x ∈ Ω, and we have:
where in the last step in the previous computation we have used the induction hypothesis. This shows that ϕ = e is is positive semidefinite.
To prove the reproducing property, we normalise the smeared character ϕ properly as:
Then, a simple computation shows that:
where, in the step (32) in the previous computation, we have used that the argument of the sum, e is(α•β) , is constant and equal to e is(γ) whenever α • β = γ, but because the number of composable transitions α, β such that α • β = γ is exactly |G|/|Ω|, then we get the required factor and the conclusion.
Let us justify this last statment. First, notice that, if γ : x → y, then for any α : x → z there is exactly one
Consequently, the number of pair transitions factorising γ : x → y is |G + (x)|, but we also have x∈Ω G + (x) = G, which means |G| = |Ω||G + (x)| and the statement is proved.
We can summarise all previous discussion by saying that we can understand the description of a quantum system in the groupoid formalism (which provides an abstraction of Schwinger algebra of measurements) as a grade-2 measure theory provided by an invariant quantum measure µ. Such quantum measure is characterised by a positive semi-definite function ϕ on the groupoid, and for any action function s on the groupoid, the function ϕ = e is is positive semi-definite, is factorizable, it satisfies the reproducing property, and defines uniquely a quantum measure µ s whose decoherence functional D s has Sorkin's form:
Here, α and β denote two transitions in the groupoid G and we have made explicit the delta function of the targets.
The statistical interpretation of Schwinger's transformation functions
In the previous sections, it was discussed how the notion of state on the C * -algebra of a quantum system described by a groupoid G ⇒ Ω provides a statistical interpretation of the theory in terms of Sorkin's notion of quantum measure and the theory of decoherence functionals, and clarifies the origin of Feynman-Dirac's amplitudes and their reproducing property.
In this section, as anticipated in the introduction, we will provide a natural statistical interpretation of Schwinger's transformation functions by relying again on the key notion of states. This time, we will provide a natural interpretation of transition amplitudes on the fundamental representation of a given groupoid by using particularly simple states. Moreover, a judiciously use of the the fundamental invariance of the description of the system with respect to changes of systems of observables will provide the desired interpretation.
Equivalence of algebras of observables
It is a fundamental assumption of the theory developed so far that if we select a compatible set of observables A for the system, the algebra of observables of the system will contain the C * -algebra of the goupoid G A determined by the system A [9] . The groupoid G A will consist of all possible physical transitions α : a → a among events a ∈ Ω A determined by the set of compatible observables A.
Given a description provided by the groupoid G A , we may consider a finer description of the system by using another groupoid G A such that G A ⊂ G A is a subgroupoid. This will imply that the physical description of the system provided by G A is consistent with the physical description of the system provided by G A . Then, the corresponding groupoid algebras will satisfy
, and the C * -algebras of observables provided by both descriptions will be related accordingly. In this sense, we will say that a description of a quantum system is complete if the algebra of observables A G = C * (G) provided by the groupoid G ⇒ Ω is maximal.
Let us suppose that the groupoids G A ⇒ Ω A and G B ⇒ Ω B provide complete descriptions of the same quantum system. It is just natural to assume that the corresponding algebras of observables C * (G A ) and C * (G B ) are isomorphic because if this were not the case there would be physical states that could be obtained in one description but not in the other. In other words, a complete description of the system cannot depend on the choice of a particular set of compatible observables. Then, there would be an isomorphism of C * -algebras:
between the corresponding C * -algebras in both 'reference frames' A and B. This independence of the description with respect to the chosen 'reference frame' was stated as a 'relativity principle' in [9] that will be developed in what follows.
Together with the isomorphism τ AB , there is an isomorphism τ BA :
, and then it is natural to conclude that
BA . In the same vein if C is another complete system 21 Notice that a categorical approach to these notions will just impose that τ AB and τ
−1
BA would differ on an automorphism of the underlying algebras, however, we will just consider the strict interpretation of equalities here or, in other words that the categorical notions behind the structures we are dealing with are defined in the strong sense.
of observables yet, then there will exists isomorphisms of C * -algebras τ BC :
, that will be assumed to satisfy the natural composition law:
Transition amplitudes again
Finally, let us recall (see [9] ) that an observable is a function f ∈ F(G A ) ⊂ C * (G A ) such that f * = f , that is, a self-adjoint element in the C * -algebra of the groupoid. We will define the transition amplitude of the observable f between two events a and a as the sum 22 of the values of the observable over all transitions connecting a and a and we will denote it by a ; f ; a :
and if we denote by a; a the amplitude corresponding to the unit 1, that is, a; a = a; 1; a , then:
and a; a = 0, if a = a , as 1 = a∈Ω δ a must be evaluated on transitions α with different source and target. Another interesting observable is provided by the 'incidence matrix' observable I = α∈G δ α . Notice that I * = I and:
It is also relevant to point out the if ϕ is a positive semi-definite function on G then ϕ * = ϕ (notice that because
i , α j , but then it holds for all α), and
and the transition amplitude a ; ϕ; a is just the transition amplitude of the state ϕ considered in Sect. 4.1.
The states ρ x and their associated GNS constructions
To relate the definition of transition amplitudes with the standard interpretation of such functions in terms of vector-states and operators, and eventually with Schwinger's transformation functions, we have to select a representation of the theory.
As discussed in Sect. 3.2, the representations of the C * -algebra C[G] are defined via the GNS construction. Hence, following the spirit so far, we will choose a particular state that will provide a particular representation of transition amplitudes. For that, and as a further illustration of the GNS construction, we will consider the simple state ρ x defined by the function δ x , that is, ρ x (a) = a x where a = α a α α, that is, ρ x assigns to any virtual transition a the coefficient of the unit 1 x . Clearly ρ a (1) = 1 and
that shows that ρ x is indeed a state. Following the GNS construction described in Sect. 3.2 (see also [9, Sect. 4 ]), we see that the Hilbert space H ρx , denoted in what follows by H x , is the Hilbert space of functions Φ defined on G + (x) with the standard inner product. In fact, from Eq. (33) we see that the Gelfand ideal J x = {a | ρ x (a * · a) = 0} consists of all a such that the coefficients of transitions α ∈ G + (x) vanish. That means that the quotient space C[G]/J x can be identified with the space of transitions in G + (x), and thus, given any a ∈ C[G], we will use the notation a x for the restriction to G + (x), i.e., a x is obtained from a by putting to zero all coefficients a α with α / ∈ G + (x) or, in other words, a x = a · 1 x . Moreover, the inner product ·, · x in H x induced by ρ x is given by, Eq. (18):
In particular, the unit 1 determines the fundamental vector 1 x = 1 x ∈ H x . The algebra C[G] is represented in H x as π x (a)a x = (a · a ) x = a · a x , and clearly 1 x is a cyclic vector for such representation. Now, instead of denoting by |0 the ground vector of the representation π x , for convenience, we will denote it by |x . Thus, if a is a virtual transition, we have:
In order to have a homogeneous notation, we can write as a x = |a x where the subscript x indicates that the vector |a x belongs to the Hilbert space H x . Thus, using this notation in Eq. (34), we have:
which is the convenient form of expressing the inner product that will be used in the following. With this notation, the amplitude defined by the state ρ x on a virtual transition a can be written as (recall Eq. (20)):
Transformation functions and transition amplitudes
We are ready to interpret Schwinger's transformation functions b|a as transition amplitudes and hence to provide them with a proper statistical interpretation. Let us recall that, according to Schwinger, the transformation function b|a "is a number characterising the statistical relation relation between the states b and a", and reflects the fact "that only a determinate fraction of the systems emerging from the first stage will be accepted by the second stage". In the formalism we have developed, Schwinger's transformation function will be given by the isomorphism τ AB that relates the A and B descriptions of the system, and we would like to provide a statistical interpretation of the complex number b|a appearing in Schwinger's formalism as transition amplitude. For that, consider that in the description provided by the complete family B of observables we want to understand the statistical relation between the outcome b, i. 
If we denote the vector state in the Hilbert space H a defined by the transition τ BA (1 b ) by |b , that is:
we get that the transition amplitude of the event b with respect to the state defined by a, that we may denote consistently as ϕ ba , is given by:
Notice that the we could have proceeded the other way around, exchanging the roles of a and b, and then, repeating the argument, we get that the transition amplitude ϕ ab of the event a with respect to the state defined by b, would have been:
Notice that the previous identities follow from the duality of states and transitions and the properties of the isomorphisms τ AB , that is:
6 Some simple applications: the qubit and the two-slit experiment
The qubit
We can illustrate the ideas discussed along this paper by using the qubit system. The qubit system is the simplest nontrivial quantum system and in the groupoid formalism correspond to the groupoid defined by the graph A 2 , that is, the space of outcomes Ω = {+, −} consists of two events +, −, and there is one non-trivial transition α : − → +. In addition to this, there are two units 1 ± and the inverse α −1 : + → − of the transition α, with α Fig. 1 ). This scheme abstracts the simplest situation of a physical system evolving in time and producing two outcomes denoted by + and −. The corresponding groupoid will be denoted by A 2 again and its algebra C[
∈ C} is easily seen to be isomorphic to the algebra M 2 (C) of 2 × 2 complex matrices. The identification is provided by the assignments:
Then, a virtual transition a is associated to the matrix:
and a * is associated to the matrix A † . The C * norm || · || is just the matrix operator norm and the fundamental representation π 0 of the algebra becomes the natural defining representation of M 2 (C) on C 2 . The vectors associated to the unit elements 1 ± are given by:
and thus an arbitrary vector in H 2 = C 2 is written as |ψ = ψ + |+ + ψ − |− .
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The space of states of the groupoid algebra C[A 2 ] can be identified with the space of density operators on H 2 , that is, normalized non-negative, self-adjoint operatorsρ on H 2 . Density operators can be parametrized as:ρ
with r ∈ R 3 a vector in Bloch's sphere, r = ||r|| ≤ 1, and σ = (σ 1 , σ 2 , σ 3 ), the standard Pauli matrices.
According to Thm. 2, factorizable states have the form ϕ = e is , with s and action function. Then, let s : A 2 → R given by:
with S a real number. Clearly, the function s defined in this way satisfies the additive property (30) and the state defined by ρ S (a) = i,jāi a j ϕ(α
is a factorizable (and reproducing) state. The characteristic function ϕ s defined by the action s is given by:
and the associated state ρ s is given by:
Notice thatρ sρs =ρ s , thus it satisfies the reproducing property (it can also be checked directly that ϕ s ϕ s = ϕ s ). The decoherence functional defined by this state is given by the 4 × 4 matrix D s whose entries
, and so on. Therefore, we finally get:
As it was discussed in the main text, the decoherence functional describes the structure of the quantum measure µ s , and hence the statistical interpretation associated to the system A 2 in the state ρ s .
The double slit experiment
In order to understand better some of the implications of the previous discussion, it is revealing to compare the qubit system with the double slit experiment. For the purposes of the present paper, we will use the analysis of the double slit experiment carried on in [30] in the coarsegraining histories description 23 . We will reproduce succinctly the argument in [30] in order to facilitate the comparison with the previous results. Formally, to define a Hilbert space theory we must specify each member of (H, H, -??, T ). We set the Hilbert itself to be the space of the vectors corresponding to our two slits, H = span(-A?,-B?). Our Hamiltonian H is the null operator, so our evolution operators are the identity, and our temporal support is T = 0,1,2, consisting of an initial time, an intermediate time at which our projectors PA, PB act, and a final time at which our projectors PD,PD act. Note that this is an idealised and minimal treatment of the double slit system, a more complete account might involve an infinite dimensional Hilbert space. Because our Hilbert space is the span of the projector states, we must specify the intimal state -?? and the detector state -D? in terms of -A?,-B?. We constrain the initial state to treat the two slits symmetrically, so we set -?? = 1 (-A? + -B?). Further, we can place our 2 detector in a dark fringe, a point of destructive interference so that -D? = 1 (-A? ? -B?), 2 and thus ?D-(PA + PB )-?? = 0. The reader is referred to appendix 6.2.3 for a discussion of the gedankenexperimental realisation of this system. How do we analyse this in a histories formalism? Using the ?minimal? Hilbert space theory (H,H,-??,T) outlined above our histories are ? = PAPD,PBPD,PAPD,PBPD. We will use the notation AD = PAPD and so on (so that AD represents the path of the particle passing through slit A and ending at the detector D) to give us ? = AD, BD, AD, BD. Since ? is finite, we take the entirety of P? as our space of propositions, or event algebra, A = P ?. If we had instead used a more complete, infinite dimensional, Hilbert space theory to describe the double slit system each history would (still) be a spacetime path for the particle; so in terms of this ?preferred basis? the sample space would be the set of all the spacetime histories. However each path could pass through A or B then end at D or D, so although there are many paths passing through each slit we would only be interested in the coarse graining ? = AD,BD,AD,BD, justifying our use of the minimal Hilbert space theory. Consider an idealised double slit system as sketched in Fig. 2 (left) , where a particle is fired from an emitter E and can pass through slits A or B on a wall W before ending on the final screen S either at the detector D (which is located for instance on a dark fringe) or elsewhere, D.
GROUPOIDS AND QUANTUM MECHANICS
In [30] the interpretation of the system is provided in terms of a Hilbert space, initial vector state |Ψ and projectors P A corresponding to finding the particle at slit A. The projectors P B , P D are defined in a similar fashion an P D = I − P D . We are not interested in such analysis here as we want to provide an algebraic description of it in terms of the structures discussed in the groupoid formalism. For that, we will identify a family of 'outcomes' given by A and B that will correspond to the particle passing through the slits A or B respectively, and 'outcomes' D and D corresponding to the particle hitting the region D or D on the screen. Hence, the space of events in this coarse-grained description of the system is finite and has 4 elements, that is, Ω = {A, B, D, D}.
Note that in this picture the notion of outcome/event is not related to a complete family of compatible measurements. We do not even assume that there are actual detectors at the slits, but we are considering that it would be possible to determine that the particle is located near A precisely enough to discard that it would be close to B and conversely 24 The physical transitions of the system include the histories (see Fig. 2 ) α = EAD, indicated by the transition α : A → D such that the fired particle causes the event A and consecutively D; β = EBD, that is, the transition β : B → D representing the histories that cause the event B and then D. Apart from α and β, there are two more transitionsᾱ = EAD : A → D, β = EBD : B → B with similar meaning (notice thatᾱ = α −1 ). The collection of transitions U 2 = {α,ᾱ, β,β} 25 do not define a groupoid but rather a quiver (see Fig. 2 for the pictorical representation of it) and they correspond to the family of coarse-grained histories in the description of [30] . From this point of view, note that it was not necessary to consider the event E since all relevant physical transitions assume that the particle has been fired.
The quiver U 2 generates a groupoid G(U 2 ) by adding the units 1
and four more transitions corresponding to
(see the elementary introduction to the theory of groupoids and their representations in [23] ). Thus, the order of the groupoid G(U 2 ) is 16 and it can be identified with the groupoid of pairs of Ω. Of course, we may argue about the physical meaning of the transitions γ AB , γ DD , and so on, as well as on the physical meaning of the inverses α −1 , β −1 , and so on. There are no physical reasons to exclude them. Feynman's microscopic reversibility principle implies the consideration of the inverse transitions α −1 , etc., in the analysis of the system and then, because of logical consistency, of the transitions γ AB , γ DD , etc. There is however no reason to consider states of the system where such transitions could actually happen, that is, they can be precluded so that the quantum measure describing the statistical properties of the system takes the value zero on them. This is exactly the point of view that we will take in our analysis. We will construct various states of the system possessing this property.
The construction of a quantum measure on G(U 2 ) considered as a coarse-grained histories description of the actual system is associated to a state on the algebra C[G(U 2 )] of the groupoid. In particular, factorizable states, which are the ones that lead to a dynamical interpretation of the theory, have associated characteristic functions ϕ : G(U 2 ) → C of the form: ϕ = e is (up to a normalization factor), with s an action functional on the groupoid. In our case, because G(U 2 ) is generated by the utility quiver U 2 , it suffices to give the values of s on the transitions α,ᾱ, β,β, that is, in the histories EAD, EAD, EBD, and EBD. Thus, we may assume that:
where δ, is a phase related to the difference between the physical paths when the particle follows the trajectories EAD and EBD respectively. A similar phase could be introduced in the action forᾱ andβ, however, because of the particular configuration of the experiment, they have been chosen to be equal.
Notice Thus, in the particular instance δ = π, we will have the matrix describing the quantum measure µ associated to the standard double slit experiment interpretation. Notice that in such case the measure of the set V = {α = EAD, β = EBD} is given by:
in accordance with the fact the the detector is in a dark fringe, that is, the arrival of particles to it is precluded.
Notice that we may change the outcomes, either by moving the wall or the detectors, that is, we modify the outcomes A , B , D , D and the transitions α , β ,ᾱ ,β . Then the description of state will change accordingly. Notice that there will be an isomorphism τ from the group algebra of the original groupoid G(U 2 ) and the one obtained by using the primed data.
Notice that the transitions ending at D have no interference with histories ending at D. This is a general feature of the groupoid formulation and is due to the composability condition among them. More sophisticated experiments can be easily analyzed using the previous ideas. In particular, temporal extended measurements modelled by using a multi-layered slit experiment. These and other applications will be discussed in forthcoming papers.
Conclusions and discussion
A unified description of Feynman's composition law for amplitudes and Schwinger's transformation functions is provided within the groupoid framework of Quantum Mechanics recently developed in [8, 9] . An analysis of the statistical interpretation of the formalism is provided using as a fundamental notion the C * algebra of the groupoid and their states. Actually, it is shown that any state on the algebra of virtual transitions defines a decoherence functional (by means of the corresponding smeared character) and consequently a grade-2 measure, or a quantum measure in Sorkin's statistical intepretation of quantum mechanics. Then, either by starting from a quantum measure, or a state on the groupoid algebra, there is a natural notion of amplitudes, called in the text transition amplitudes, which subsume the statistical interpretation of the theory. The groupoids based formalism provides a 'sum-over-histories'-like formula to compute the transition amplitudes and a natural theory of their representations in terms of vector-valued measures.
The states, or decoherence functionals, leading to Feynman's composition law are indentified as idempotent positive semi-definite function on the groupoid and, moreover, a natural factorization condition, isolates those states whose amplitudes satisfy Dirac-Feynamn's principle, that is, they have the form e is , with a s an action-like function defined on the groupoid of transitions. Such states, called factorizable in the text, can be given a dynamical interpretation using a dynamical principle for the action function s as in Schwinger's original setting or, alternatively, by using Feynman's construction of the wave function and the corresponding Schrödinger's equation. These ideas will be explored and will constitute the main argument of a forthcoming work.
The work developed in this paper suggests a histories interpretation of the groupoid formalism. The notion of transition, the abstract Schwinger's notion of selective measurement that changes the state of the system, has a clear dynamical meaning, however, in Schwinger's conceptualisation, such transitions are elementary and not subjected to further scrutiny, while a dynamical description of the change of a system involves an analysis, that is, a decomposition of such change. This suggest a histories-based approach to the groupoid formalism where the composition of transitions would be interpreted dynamically. In this sense, the formalism described in the present paper can be understood as a coarse-grained histories interpretation of Schwinger's algebra, where only the sources and targets, i.e., the events of the theory, are selected. A fine-grained histories description of the theory is needed to provide a proper interpretation of the dynamical nature of the aforementioned factorizable states, and then, of Schwinger's dynamical principle. As commented before, this will be the objective of another work.
